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1 Introduction

Flavor violation of quarks and leptons by Standard Model weak interactions is parameter-
ized by unitary 3 x 3 matrices, the CKM matrix in the quark sector and the PMNS matrix
in the lepton sector. The fundamental parameters in the Standard Model are the quark
and charged lepton Yukawa coupling matrices and the flavor matrix of the dimension-five
Majorana mass operator for neutrinos [1]. The fermion masses and mixing angles are de-
rived quantities, obtained from the eigenvalues and eigenvectors of the flavor matrices in



the low-energy theory. In the mass eigenstate basis, one still has the freedom to make
phase rotations on the fermions fields, which leads to the redefinition of the CKM matrix

V — e Uyl (1.1)

in the quark sector, where &y = diag(¢y, dec, @) and ®p = diag(pg, Ps, ¢p). Physical
quantities are basis independent, and must be invariant under the rephasing eq. (1.1).
CKM rephasing invariants have been studied extensively in the literature [2-5], the best-
known example being the C'P-odd Jarlskog invariant J = Im Vj;VaV5V5. Rephasing
invariance also exists for the lepton mixing matrix. In a previous paper [5], we extended
the analysis of rephasing invariants to give a complete classification of these invariants for
the Standard Model, and for the seesaw model [6].

The parameterization of the flavor structure in terms of masses and mixing angles is
convenient for computing decay rates and scattering amplitudes. However, if one wants to
understand the origin of flavor structure, the more fundamental quantities are the flavor
matrices in the Lagrangian from which the masses and mixing angles are derived by diag-
onalization. A well-known difficulty is that the flavor matrices are basis-dependent, since
one can make unitary transformations on the quark and lepton fields in the Lagrangian.
For example, the Yukawa matrix for charge 2/3 quarks transforms as

Yy — Upe? Yy Ug (1.2)

where Ug and Uype are unitary transformations on the quark doublet and singlet fields.
Observable quantities must be independent of this change of basis, i.e. invariant under
eq. (1.2), and such quantities are sometimes referred to as weak basis invariants [7, 8]. One
can check the predictions of a flavor model by comparing invariant quantities with their
corresponding experimental values.

Classifying invariants also is important in analyzing theories which explain flavor by a
dynamical mechanism. Examples of this type were studied in the early literature on unified
theories [9, 10] in the context of understanding gauge symmetry breaking patterns by
minimizing Higgs potentials. A recent example from flavor physics needing the classification
of invariants can be found in ref. [11].

There is an extensive literature on quark and lepton invariants (see, e.g. [7, 8, 12-15]).
The main emphasis in previous work has been the study of C'P violation. C P-violating
invariants analogous to the Jarlskog invariant were written down. The vanishing of the
C P-violating invariants was sufficient to guarantee the vanishing of C'P violation in the
CKM and PMNS mixing matrices.

In this paper, we take a different approach, studying all the invariants, and treating
the problem using the methods of invariant theory [16-18], which considers the ring of
polynomials that are invariant under the action of a group. Polynomial invariants also are
the relevant objects for physics applications, since an effective Lagrangian is written as a
polynomial in the basic variables which describe the theory.! A basic result of invariant
theory is that the ring of invariants has a finite number of generators. There can be

!For example, the chiral Lagrangian is a polynomial in the quark mass matrix M.



non-trivial relations among the invariants, known as syzygies [19], so that the invariant
ring need not be a free ring. The number of invariants of a given degree is encoded in
the Hilbert series. The complete classification of the invariant ring is, in general, a very
difficult computational problem.

We study the invariants of the Standard Model low-energy theory and the seesaw
theory in both the quark and lepton sectors. In the quark sector, the complete structure
of the invariant ring is given, and the relation between the polynomial invariants and
rephasing invariants also is given. The structure of the invariant ring in the lepton sector is
considerably more involved than in the quark sector. The classification of lepton invariants
is given for the low-energy effective Standard Model theory for two and three generations.
For the high-energy seesaw theory, the classification is given for two generations. For three
generations, we have been unable to completely classify all the relations or to determine the
Hilbert series because the problem is computationally too difficult. The simpler invariants
(i.e. of small degree) are given for this case.

The paper is organized as follows. Section 2 defines the high-energy seesaw theory and
its low-energy effective theory. The flavor-symmetry breaking matrices and ¥-angles of each
theory are given, together with their transformation properties under flavor symmetry
and C'P. Section 3 defines the mass and mixing matrices of the high-energy and low-
energy theories, explains the counting of mixing angles and phases, and discusses rephasing
invariance. Section 4 provides a brief introduction to the mathematics of invariant theory
that we need for our analysis. Section 5 reviews the classification of the quark mass matrix
invariants. Sections 6 and 7 consider the classification of lepton mass matrix invariants for
two and three generations of fermions, respectively, in both the low-energy effective theory
and the seesaw theory.

2 Flavor symmetries

We consider the SU(3) x SU(2) x U(1) gauge theory with n, generations of Standard
Model fermions and n; generations of gauge singlet fermions (neutrino singlets). The
fermion multiplets are Q; = (3,2), /6, U = (3, 1)_g/3, Df = (3, 1)1/3, Li = (1,2)_1/2 and
Ef = (1,1)1,i=1,...,ng, and Nf = (1,1)o, [ = 1,...,ny. All fermion multiplets are
left-handed Weyl fields. The fermion multiplets with n’g = ny have a natural embedding
in the 16 spinor representation of SO(10).

The flavor symmetry of the fermion sector of the high-energy theory is SU(n,)° x
U(n},) x U(1)?, since there is a separate SU(ny) flavor symmetry for each of the five multi-
plets Q, U¢, D¢, L and E°, a U(n’g) flavor symmetry for the singlets N¢, and two additional
non-anomalous U(1) flavor symmetries. Out of the six possible U(1) symmetries, only three
linear combinations are non-anomalous under SU(3) x SU(2) x U(1): N¢ number which is
included in U(n}), (B — L), and (E°+ D¢~ U€) number. The three additional anomalous
U(1) groups can be treated as symmetries if the three ¥-angles® 9321 of the SU(3), SU(2)

2The ¢ angles multiplying F'E' terms are not to be confused with angles 6 of the quark and lepton mixing
matrices. There are no instantons in the U(1) sector, but the ¢ angle can have physical consquences in the
presence of topological defects.



and U(1) gauge groups transform under arbitrary chiral phase transformations ¢ — e’

on the fields ¥ = Q, U¢, D¢, L and E° as

Y3 — 3 — Ng (20[Q + aye + aDc) ,
Py — g — Ng (30&@ + OéL) R (2.1)

1 4 1 1
U1 — U1 —ny g0Q T gaue + zape +ap +age |

!
9

tion eq. (2.1), the chiral flavor symmetry becomes U(n,)® x U(ny), with a separate flavor
factor for each of the six fermion multiplets.

Eq. (2.1) does not depend on n/ or aye, since N¢ are gauge singlets. With the transforma-

The U(ngy)® x U(ny) flavor symmetry of the fermion and gauge kinetic energy terms
is explicitly broken by gauge-invariant renormalizable terms — Yukawa couplings between
fermion multiplets and the Higgs doublet and Majorana mass terms of the fermion singlets.
The flavor symmetry-breaking Lagrangian is given by

L =-Uyf (YU)z‘j Q;H — Dy (YD)ij QJ'HT
_Ez‘c (YE)ij LjHT - NIC (YV)Ij LJ’H

1
—§NICM[JN§ + h.c., (2.2)

where H = (1,2); /2 is the Higgs doublet, and gauge and Lorentz indices have been sup-

pressed. The Yukawa couplings Yy p g are ng X ng matrices, whereas the neutrino Yukawa

/
g

matrix. In the Standard Model without neutrino singlets, renormalizable

coupling Y, is an n
/ /
g < g
terms proportional to Y, and M are absent.

x ng matrix. The singlet neutrino Majorana mass matrix M is a sym-
metric n

Under the chiral flavor symmetry transformations ¢ — U, 1, where U, are unitary
matrices in flavor space for the fermion fields ¥ = Q, U¢, D¢, L, E¢ and N€, the Yukawa
coupling matrices, the Majorana mass matrix and the ¢ angles transform as

Yy — UyeT Yy Ug,

Yp — Up! Yp U,

Y — Ug’ Yi Ur,

Y, — Uy Y, Uy,

M — Une" M Une,

Y3 — V3 — 2argdet Uy — argdet Uye — argdetUpe,

¥g — Uy — 3argdetUpy — argdet Uy, (2.3)

1 4 1 1
Wt — Y — G 8 det Uy — 3 a8 det Uye — 3 a8 detUpe — 5 a8 det Uy, — arg det Uge.
Under C'P, each matrix is transformed to its complex conjugate, and each ¥ angle changes sign,

YU,D,E,I/ - YJ,D,E,V?
M — M*,
Y123 — —V123 . (2.4)



Under the chiral flavor symmetry transformation, the ¢ angles are shifted by eq. (2.3).
The invariant angle 7§QCD is defined by

ﬁQCD = 93 + argdet Yy + argdet Yp . (2.5)

The analogous angles 5172 can not be separately defined, but one can define an invariant

¥-parameter in the electroweak sector
_ 8 2
YEw = U9 + 201 + 3 argdet Yy + 3 argdet Yp + 2argdet Yz . (2.6)

After electroweak symmetry breaking, the QED ¢-angle is 27§QED = Ypw. The factor
of two arises because the generators for a non-abelian gauge theory are normalized to
Tr TeT? = 522,

In the absence of electroweak symmetry breaking, there are n/

g
neutrino singlets with masses of O(M), the heavy Majorana neutrino mass scale, and all

massive Majorana

other fermions are strictly massless. It is natural that M be of order the GUT scale, the
scale at which the GUT gauge symmetry breaks to the Standard Model gauge group, under
which the N¢ fields are uncharged. When the Higgs field gets a vacuum expectation value
v/v/2, the Yukawa matrices generate Dirac mass matrices for the quarks and leptons,

v
my,p,Ev = YU,D,Ew 7 (2.7)

with the same flavor transformation properties as the Yukawa couplings. The Dirac and
Majorana mass matrices of the (n, + ny) left-handed neutrino fields combine to form a
neutrino mass term

1
- §NI (Mp)z7 N7, 1<Z,J <ng+ny (2.8)

where the (ng +nj) x (ng+ny) neutrino mass matrix My is equal to the symmetric matrix

T
My = (W? m]\} ) . (2.9)

The (ng+ny) neutrino fields N7 are (v;, N§). The (ng+ny) mass eigenstates of eq. (2.9) give
the Majorana mass-eigenstate neutrino fields, which are linear combinations of v; and N7.
The heavy neutrinos with masses O(M) are predominantly N¢ with an O(v/M) admixture
of v, and the light neutrinos with masses O(v?/M) are predominantly v with an O(v/M)
admixture of N€.

A low-energy effective field theory can be obtained from the seesaw theory by integrat-
ing out the n; heavy Majorana neutrino mass eigenstates. In this low-energy theory, the

leading flavor symmetry-breaking Lagrangian is given by

1
EEFT:_Uz‘C (YU)@']' QiH — Dj (YD)ij QjHT - E} (YE)@']' LJ’HJr + §(L2H) (05)ij (L;jH) +h.c.,
(2.10)



where the coefficient of the dimension-five operator [1] is given by
Cs =Y MY, (2.11)

to lowest order in the 1/M expansion. When the electroweak gauge symmetry breaks, the
dimension-five operator yields an effective n, x n, Majorana mass matrix

ms = —C5v° /2 (2.12)

for the (primarily) weak doublet neutrinos. Under the flavor symmetries and C'P, the
flavor matrices Yy p r and ¥ angles 9123 of the low-energy effective theory transform
under chiral flavor symmetry and C'P as in eq. (2.3) and eq. (2.4), respectively, whereas
(5 transforms as

Cs — U" Cs Uy,
Cs — Cj, (2.13)

respectively.

We will analyze the flavor structure of both the seesaw theory and its low-energy
effective theory. The analysis depends only on the flavor transformation properties of the
Yukawa coupling and Majorana mass matrices (i.e. the fermion mass matrices). Thus,
it applies to any theory which has Dirac and Majorana mass matrices with the same
transformation properties as given here, regardless of whether the Dirac mass terms are
proportional to Yukawa couplings in the theory, or are generated by some mechanism from
more fundamental parameters of the theory.

3 Masses, mixing angles and phases

In this section, we define the mass and mixing parameters of the high-energy seesaw theory
and its low-energy effective theory. Most of the section is a review of well-known results,
and serves to define the parameters and notation which are needed later. The mass matrices
of the high and low energy theories in the weak eigenstate basis are transformed to the mass

eigenstate basis by flavor rotations to obtain the fermion masses and mixing matrices. The
r_
L=
The counting of physical parameters is given here for the cases n'g > ng and n'g < ng, for

counting of mixing angles and phases for the case n ng follows the analysis of ref. [5].
completeness. An alternative way of counting parameters, analogous to the counting of
Goldstone bosons, is given in refs. [20, 21].

Any complex matrix M can be written in the form M = U A U’ where U and U’ are
unitary matrices, and A is a diagonal matrix with real, non-negative entries. If M is also
a symmetric matrix, then it can be written in the form M = M7 = UT A U, where U is a
unitary matrix.



3.1 High-energy theory

The flavor matrices of the high-energy seesaw theory are written in eq. (2.2) in the weak
eigenstate basis. These flavor matrices are related to the mass eigenstate basis by

Yy = Uye Ay Up,
Yp = Upe Ap Up,
Yi = Upe Ap Up,
Y, = Une A, Uy,
M = Uy." Ax Uye, (3.1)

/
9

with real, non-negative entries; Uye pe ge and Uy p g, are ng X ng unitary matrices, and
!/ !/
g X Ty
to the weak eigenstate basis. Performing the chiral flavor transformation eq. (2.3) with
Upe" = Uy, Up:" =Up™ Up" =Up™", Uy =Up ™", Uy = Up™", and Uye = Uy~

brings the flavor matrices to the form

p P . .
where Ay p g, Ay and Ay are ng X ng, ng X ng and ny x ny diagonal matrices respectively,

Une and Uy are n unitary matrices, which transform the mass eigenstate basis

Yu = Ay,

Yp = Ap Vg

Y = Ag,

Y, =W ™AV,

M = Ay, (3.2)

where Vexn = UpUp ™!, V=U,Ug~ ! and W = Upe? ( EVC)T are the three unitary ma-
trices which describe flavor mixing in the seesaw theory. Vokwm is the Cabibbo-Kobayashi-
Maskawa mixing matrix in the quark sector. As is well-known, this ng, X ngy matrix corre-
sponds to the mismatch between the unitary field redefinitions on U and D in the quark
doublets Q required to diagonalize Yy and Yp. V is the analogue of the CKM matrix in the
lepton sector; it is the ny X ngy matrix corresponding to the mismatch between the unitary
field redefinitions on v and FE in the lepton doublets L required to diagonalize Y, and Yg.
<
the unitary field redefinitions on N€ required to diagonalize M and Y, .

=
ng considered previously in

Wisann mixing matrix in the lepton sector corresponding to the mismatch between

To proceed further, it is necessary to consider the three cases n
n;, > ng individually. We first specialize to the case n] =

g g
ref. [5] and review the analysis given there. The analysis is then generalized to the cases

/
ng, Ny < ng and
/

n; # ng. The quark sector only depends on the number of quark generations ny, but the
r_

lepton sector analysis depends on whether n

/ /
Ng, Mg < Mg O Ny > ng.
r_

3.1.1 n,=n,

The real diagonal matrices Ay p g, N are invariant under the rephasings,
Ay — e v Ay e ¢ =U,D,E,

—i®, id,

A, — e A, e

AN — nn ANn 1, (3.3)



Matrices|Masses  Angles Phases
Ay ng 0 0
Ap ng 0 0
Vekm 0 2ng(ng—1) 3(ng—1)(ng —2)
Total | 2ng ing(ng—1) 3(ng—1)(ng —2)

Table 1. Parameters in the quark sector for n, generations. The Ay and Ap rows give the
parameters if Yy or Yp are considered separately, and the third row gives the additional parameters
if both Yy and Yp are considered together. There are (n, — 1)? mixing parameters (angles plus
phases), and a total of (n,? + 1) parameters.

where @y p g, are real diagonal matrices, and 7y is a diagonal matrix with allowed eigen-
values £1. Only +1 rephasings are allowed for the Majorana fields N¢. Under these
rephasings, the mixing matrices Voka, V and W transform as

Vorm — e %V Vogw €92,

V — e vy eiq)E,
W — e Wy . (3.4)

Quark sector. The parameter counting in the quark sector is well-known, and is summa-
rized here for completeness. The matrices Ay and Ap each contain n, eigenvalues, which
correspond to the U-quark and D-quark masses, respectively, and are C'P even. The quark
mixing matrix Vg is an ng X ng unitary matrix with n92 parameters. It is conventional
to divide these parameters into angles and phases — angles are even under C'P, whereas
phases are odd under C'P. If the Vo matrix is C'P invariant, it is an n, X ng real or-
thogonal matrix with ng4(ng —1)/2 parameters. The unitary matrix Voxw has ng(ng —1)/2
angles and ng(ng + 1)/2 phases, and can be parametrized by

eX e V(9;,68;) eV, (3.5)
where x is an overall phase, ® = diag(0, ¢, ..., ¢n,), and ¥ = diag(0,2,...,¢y,,). The
phase redefinitions &y and ®p of Voxu in eq. (3.4) can be chosen to remove the 2ng — 1
phases X, ¢;, ¥i, i = 2,...,ny.5 Thus, Vo has ng(ng+1)/2—(2n,—1) = (ng—1)(ng—2)/2
net phases. This counting of parameters is summarized in table 1.

We choose a parameterization Vegnm = V(6;, 6;) in terms of a standard functional form
V, where the ng(ngy—1)/2 angles 6; € [0,7/2] and the (ny—1)(ngy —2)/2 phases 6; € [0, 2m).
The CKM matrix for ny = 3 is given by [22]

1 0 0 Cc13 0 513€_i6 c1o2 S12 0
V(012,0613,023,0) = | 0 c23 s23 0o 1 0 —s12 ¢12 0 (3.6)
0 —S893 Ca23 —8136“S 0 C13 0 01

where s; = sin 6; and ¢; = cos §;. It is now conventional to call the angles 03, 013, 015 rather
than 601,62, 03. The standard form eq. (3.6) has det V = 1.

3There are ng phases each in ®y and ®p, but the transformation &y = ®p o« 1 leaves Voxm invariant.



Lepton sector. The matrices Ay and Ag each have ny eigenvalues which are C'P
even. The lepton mixing matrices V' and W are ngy X ng, unitary matrices, which can

be parametrized by

V=X e V(0;,6;) 2,

W = X' & Vg, o) V2. (3.7)
We use the same standard functional form V as for the quark sector, but with different
numerical values for the arguments 6; and 6;.* The factor of two in ¥ and ¥ will be
explained below.

The rephasing transformations ®,,, ® and 7y of eq. (3.4) can be used to (i) eliminate
X, X and v, (ii) restrict ¢} to the range [0,27) rather than [0,47), and (iii) eliminate
either ® or ®', but not both. It is convenient to use the same domain [0, 27) for all phases,
which is why ¥’ was scaled by a factor of 2.

First consider amplitudes which depend only on Y, and Yg, but not on M. In this
case, the mixing matrix W is no longer observable and can be set to unity. The mixing
matrix V has (2ng — 1) allowed phase redefinitions: n from ®,, n from ® g, and minus one,
because ®,, = &g « 1 does not change V. Thus, the parameter counting for the mixing
matrix V' is identical to that for Voxw in the quark sector, with ng(ngy — 1)/2 angles, and
(ng — 1)(ng — 2)/2 phases. Similarly, for amplitudes depending only on M and Y, and
not on Yg, the mixing matrix V is no longer observable and can be set to unity. The
mixing matrix W has n, allowed phase redefinitions ®,. Thus, there are ng(n, — 1)/2
angles and ng(ng +1)/2 —ngy = ng(ng — 1)/2 phases. If the three matrices M, Y, and Yg
are considered together, then the mixing matrices V' and W together can have 2n, allowed
phase redefinitions due to ®, and ®p. As compared with the case of only V' or only W,
where there were 2n, — 1 + n4 phase redefinitions possible, we have (n, — 1) fewer phase
redefinitions, and hence (ny — 1) additional observable phases. These (ny — 1) additional
phases occur because the same phase redefinition ®, was present for both V' and W, and
so cannot be chosen to remove phases from both V' and W. Thus, there are an additional
(ng — 1) phases if all three mass matrices are considered together. These phases can be
included in either V or W. The standard form of the mixing matrices which uses the &,
phases to eliminate the ® phases from V is given by

V = V(6;,6),
W = e V(0,68 V2, (3.8)

17 71

whereas the standard form of the mixing matrices which uses the ®, phases to eliminate
the ®' phases from W is given by

V = V(0;,5),
W = V(0,5 /2. (3.9)

)71

4The use of the same symbols #; for the quark and lepton sectors should cause no confusion, since we
do not need to deal with mixing in both sectors simultaneously.



Matrices [Masses  Angles Phases
AN ng 0 0
A, ng 0 0
Ag ng 0 0
VY, Yg| 0 dng(ng—1) 2(ng—1)(ng —2)
W:MY,| 0 ingng—1) ing(ny—1)
O o1 0 0 ng —1
Total 3ng  mng(ng —1) ng(ng — 1)

Table 2. Parameters in the lepton sector for n

4 =
9

ng generations. The Ay, A, and Ag rows give

the parameters if M or Y, or Yg are considered separately. The V and W rows give the additional
parameters if both Y, and Yg, or both M and Y, are considered together, respectively. The last
row gives the additional parameters to those in the previous rows when all three matrices M, Y,
and Yy are considered together. There are 2n4(ngy — 1) mixing parameters (angles and phases), and
a total of ny(2n, + 1) parameters.

Matrices | Masses Angles Phases
AN n'g 0 0
A, n; 0 0
Ag ng 0 0
V:Y,,Ye 0 Ing(ng — 1) Ing(ng — 1) — ng +1
W:M.Y, 0 %n’g(n; -1) %n;(n; -1)
dox1l | 0 0 nl—1
Ung—n, 0 %(ng — ng)(ng —ng — 1) %(ng — ng)(ng —ng +1)
Total |n, + 2ng ngny — ny ngny — ng

Table 3. Parameters in the lepton sector for n, fermion generations and n; < ng neutrino singlets.
The total number of parameters is equal to the sum of the first six rows minus the last row. The
parameters in Uny,n/g are removed from V.

In eq. (3.8), V has the canonical CKM form with ng4(nys—1)/2 angles 6; and (ng—1)(ny—2)/2
phases J;, whereas in eq. (3.9), W has the canonical PMNS form with ng4(ng —1)/2 angles
¢; and ny(ngy — 1)/2 phases consisting of the (ngy — 1)(ng — 2)/2 phases d; and the (ny — 1)
phases 9. In either basis, there are (ny — 1) additional phases ® = & — &’ which cannot

[

be removed, and are observable. This parameter counting for n,

table 2.

ng is summarized in

¥ angles. Once the mixing matrices have been put in standard form, one can perform
additional phase rotations which leave the mixing matrices invariant to eliminate 9 angles.

The only allowed transformation is an overall phase rotation with ®;; = ®p = ¢ 1, i.e.

,10,



Matrices | Masses Angles Phases
AN n’g 0 0
A, ng 0 0
Ag ng 0 0
V.Y, Ye| 0 tng(ng — 1) 2(ng —1)(ng —2)
W:MY, 0 sny(nh — 1) snp(nh +1) —ng
bl 0 0 ng —1
Uny —n, 0 %(nlg — ng)(ng —ng — 1) %(n; —ng)(ng —ng +1)
Total |2n, +ny ngny — ng ngn, — ng

Table 4. Parameters in the lepton sector for n, fermion generations and nj > ny neutrino singlets.
The total number of parameters is equal to the sum of the first six rows minus the last row. The
parameters in Un/y_ng are removed from W.

baryon number. Under this phase transformation,
3 — U3,
’192 — 192 — 3’1’Lg¢Q,
3
9 — Y+ §ng(bQ . (3.10)
The transformation leaves ¥3 and 5 + 291 unchanged, so there are two physical ¥ angles
remaining: EQCD, the strong interaction CP-angle in the basis where the quark mass

matrices are real and diagonal, and Vg = Yo + 201, the electroweak CP-angle in the
basis where the quark and charged lepton mass matrices are real and diagonal.

3.1.2 n <n,

For n; < ng, the n; x ng diagonal matrix A, can be written as

n= a0l e
where 0 denotes the n), x (ny — n/,) zero matrix, and A, is a diagonal n{, x n{, matrix with
n’g real non-negative eigenvalues. This matrix is invariant under
i®
— . _ v O
[AV 0] s eTiP [AV 0] ‘ , (3.12)
0 Ungfn;]

/
9

transformations of the lepton mixing matrices are

where Up,—n; denotes an arbitrary (ny —ng) x (ng — ny) unitary matrix. The rephasing

—i®
v 0 .
V — ‘ 1 V e'®E,
0 Uy
W — e Wy, (3.13)

instead of eq. (3.4).
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The additional unitary transformation matrix in eq. (3.13) can be used to eliminate

/
g9

number of C'P-even parameters is (ngny +n,+ny) and the number of C'P-odd parameters

/
g

parameters in V. The parameter counting for n; < n, is summarized in table 3. The

is (ngn), — ng), consistent with the results of ref. [21].
3.1.3 ny >ny

For nj, > n,, the nj x n, diagonal matrix A, can be written as

: (3.14)

where 0 denotes the (nj —ny) X n, zero matrix, and A, is a diagonal n, x n, matrix with
ng real positive eigenvalues. This matrix is invariant under

e”i v 0
—
0 Un/g —ng

Ay
0

A,
0

ei<I>V

)

(3.15)

/ J—

: /
where Uy, _p, denotes an arbitrary (ng —ng) x (ng

ng) unitary matrix. The rephasing
transformation of the lepton mixing matrices is

V — ey eiq)E,

e~ 0
W — W nn, (3.16)
0 Up-n

g g
instead of eq. (3.4).
The additional unitary transformation matrix in eq. (3.16) can be used to eliminate

parameters in W. The parameter counting for n’g > ngy is summarized in table 4. The

number of C'P-even parameters is (ngny +ny+ny) and the number of C'P-odd parameters

/

is (ngny —ng), consistent with the results of ref. [21].

3.2 Low-energy effective theory

The flavor matrices in the low-energy effective theory are written in eq. (2.10) in the weak
eigenstate basis. These matrices are related to the mass eigenstate basis by

Yi = Upe Ay Uy,
Yp = Upe Ap Up,
Yg = Uge Ap Ug,
Cs = UL A5 U (3.17)

Performing chiral flavor transformations in the low-energy theory with Upe! = Upe ™!,
UpeT = Upe™!, UgeT = Uge ™1, Ug = Uy~ !, Up = Ug~! brings the flavor matrices to
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the form

Yy = Ay,
Yp =Ap V(;KIM,
YE = Ag,
_ T _
Cs = (Upyns) M5 Uppinss (3.18)

where Vexn = UpUp ! and UEI%/[NS =ULU g~ ! are the two unitary matrices which describe
flavor mixing in the low-energy effective theory. Vogxwm is the CKM mixing matrix in the
quark sector. Uppyns is the PMNS mixing matrix in the lepton sector, which is the lepton
mixing matrix which is physically measurable at low energies.

The real diagonal matrices Ay p g5 are invariant under the rephasings

Ay — e Ay € =U,D,E,
A5 — M A5 U (3'19)

which correspond to arbitrary phase redefinitions of the fermion mass eigenstate fields U*,
D¢ E°, U, D and F, and the discrete rephasings v — n,v, where 7, is a diagonal matrix
with allowed eigenvalues +1 for the low-energy Majorana neutrino fields. Under these
rephasings, the mixing matrices of the effective theory transform as

Vekm — €'V Vexu €772,
Upning — €% Upning 0y - (3.20)
The quark mixing matrix Vogy has the angles and phases given in table 1 as before.
The counting of parameters in the lepton sector is summarized in table 5, and is well-known.
Upmns contains ng(ng — 1)/2 angles §;. The number of phases of Upnns is ng(ng +1)/2
minus the n, phase redefinitions ®g, for a total of ny(ny — 1)/2 phases consisting of

(ng — 1)(ng — 2)/2 phases 0; and (ny — 1) phases ;. The canonical parametrization of

Upmns is
Upnins = V(0;,6;) €™/, (3.21)

U = diag(0, s, ..., ).
For ng = 3, the low-energy lepton mixing matrix is given by

1 0 0
Upnins =V (07,0707, 60)) x [0 et 0|, (3.22)
L

where the superscript (U) denotes quantities in the PMNS matrix.

4 Invariant theory

In the previous sections, we have discussed the parameters (masses, angles and phases) for
the low- and high-energy theories. We would like to analyze the theories using invariant
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Matrices|Masses  Angles Phases
Ag ng 0 0
A5 Ng 0 0
UpMns 0 %ng(ng — 1) %ng(ng - 1)
Total | 2ng ing(ng—1) Ing(ng—1)

Table 5. Parameters in the lepton sector of the low-energy effective theory for n, generations. The
Ag and A5 rows give the parameters if mg or ms are considered separately. The Uppyng row gives
the mixing angles and phases of the PMNS mixing matrix.

quantities written directly in terms of the original parameters of the theory, the matrices
Yu p,e,p and M. The structure of the invariants is highly non-trivial, and depends in an
interesting way on the number of generations.

To study the invariants, it is useful to introduce several mathematical results from
invariant theory [16-18]. The general problem is the following: one has a set of variables
Z1,...%, which transform (reducibly or irreducibly) under the action of a group G. The set
of polynomials in {z;} with complex coefficients form a ring Clx1,...,z,]. The polynomial
ring C[x1,...,,] is a free ring on the generators x1,...,x,, i.e. it is given by taking linear
combinations of all possible products of powers of the generators with coefficients in C, and
there are no non-trivial relations among the generators.

The ring Clzy,...,2,]¢ C Clxy,...,2,] is the set of G-invariant polynomials, i.e.
those polynomials which are unchanged by the action of G. This is clearly a ring, since
sums and products of invariant polynomials are also invariant polynomials. A highly non-
trivial result, if G is a reductive group,’ is that C[zy,...,2,]® is finite generated. Let
the generators be Iy,...,I., each of which is a G-invariant polynomial in the original
variables x1,...,x,. Then, any G-invariant polynomial can be written as a polynomial P €
C[I1,...,I,]. However, C[zy,...,2,] need not be a free ring in the generators Iy, ..., I,;
there can be non-trivial relations among them.

In the following sections, we analyze the invariant ring for the quark and lepton sectors
of the Standard Model effective theory and the seesaw model. It is useful to first look at
some simple examples before discussing the case of interest. We start with a famous result
on symmetric polynomials, and then discuss three examples involving continuous groups
which are closer in structure to the quark and lepton invariant problem. The first model is
a theory which has a freely generated ring, with no relations. The second theory has one
non-trivial relation, and is similar in structure to the ring for quark invariants for three
generations studied in section 5.2 and for lepton invariants in the Standard Model for two
generations studied in section 6.1. The third example is only slightly more complicated,
but leads to an intricate structure of invariants, with many relations, and a complicated

5A reductive group is defined by the property that every representation is completely reducible. A Lie
group which is a direct product of simple compact Lie groups and U(1) factors is reductive, as is any finite

group.
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Hilbert series. This is similar to what we find for lepton invariants in the Standard Model
for three generations, and in the seesaw model for two and three generations.

4.1 Symmetric polynomials

The classic example from invariant theory is the study of symmetric polynomials. The

permutation group S, acts on a polynomial f(z1,...,x,) in Clxy,...,z,] by
p:f(xla"'axn)_)f(xp(l)""axp(n)) (4.1)
where (p(1),...,p(n)) is a permutation of (1,...,n). A polynomial in Clzy,...,z,]"" is

invariant under the action of any permutation. A standard result [23] is that the invariant

ring is generated by the elementary symmetric polynomials
L =x1+x+ 2, :in7
i

Iy = rywo + 23+ - + Tp_1Ty, = g xixj,
i<j

I3 = xyx923 + -+ + Tp_2Xpy_ 12, = E TiT T,
i<j<k
I, = z129... 2y, (4.2)

In other words, any symmetric polynomial f(z1,...,z,) can be written as a polynomial in
Ly,.... I, f(x1,...,2n) = g([1,..., 1), e.g.

w4l a2 =12 -2, (4.3)

The important point is that g(I1,...,I,) is a polynomial — otherwise the result would
be trivial, for knowing Iy,...,I,, one could solve eq. (4.2) to find z1,...,x,, and hence
determine f.

4.2 Model I

Consider a theory with two couplings m; and mg which transform under a G = U(1) x U(1)
symmetry as

my — emy, mo — €%2my . (4.4)

We look at the ring Clmy, m*, mg, m3]VM*U) of all polynomials which are U(1) x U(1)
invariant. It is clear that they can be written as linear combinations of monomials of
the form

(mim7)"™ (mam3)" (4.5)

where 71 and r9 are integers. Thus, the ring of invariant polynomials is generated by the
invariants Iy = mym] and Is = maomj, and there are no relations between these generators.
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The Hilbert series H(q) is defined as

o0

H(g) = e (4.6)

r=0

where ¢, is the number of invariants of degree r, and ¢y = 1. In our example, ¢; = 0; co = 2
since mym? and mam} are the two degree-two invariants; c3 = 0; ¢4 = 3 since (mym?)?,
(myim3)(mam3) and (moms3)? are the three degree-four invariants; and so on. It is easy to

see that the Hilbert series is

H(q) = 142¢* +3¢" +4¢° +5¢° + - --

o0

=Y (n+1)¢"

n=0
1
= . 4.7
QEraE -
Another derivation of the Hilbert series is the following. The generators I) = mimj
and Is = mom3 are both of degree two, and the invariants of higher order are given by

multiplying together arbitrary powers of I; and Is. The product
(I+h+E+ - )Q+L+5+-) (4.8)

gives each invariant once, which leads to the Hilbert series

1

H(q) = (1+q2+q4+---)(1+q2+q4+---):m,

(4.9)
in agreement with eq. (4.7).

In the general case of a semisimple Lie group, it is known that H(q) has the ratio-
nal form

H(g) = Y@ (4.10)

D(q)’

where the numerator N(g) and denominator D(q) are polynomials. Furthermore, the
numerator is of degree dy and is of the form

N(g)=1+cig+ - cay-1¢" " + ¢ (4.11)

where the coefficients are non-negative, ¢, > 0, and N(q) is palindromic, i.e.

N(q) = ¢""N(1/q), (4.12)
or, more simply stated,
Cr = Cdy—r- (4.13)
The denominator takes the form
P
D(q) = [J(1=g¢™), (4.14)
r=1
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and is of degree dp = ), d,. The number of denominator factors p is equal to the number
of parameters. The number of parameters is defined as the minimal codimension of an
orbit, and agrees with the usual physics usage of the term.

Model I has p = 2 parameters, because we start with four objects mi, mg, mj and
m3 (or equivalently, the real and imaginary parts of m; and ms), and have two phase
redefinitions eq. (4.4), which eliminates two variables. In other words, one can always
make a phase redefinition to make m; and mso real and non-negative, and these are the
two independent parameters. In our example, N(q) = 1, d; = d2 = 2 and the number of
denominator factors is two. The number of denominator factors p is equal to the number
of parameters.

There is a theorem due to Knop [24] which says that
dimV >dp —dy >p (4.15)

where dim V' is the dimension of the vector space on which the group transformations act;
dp and dy are the degrees of the denominator and numerator; and p is the number of
parameters. In most cases, the upper bound is an equality, but not always. (We will see
an example for the quark invariants involving only the U-quark mass matrix.) In Model I,
the vector space basis is mi, m}, ma, m3, sodimV =4, p=2,dy =0and dp = > d, =4,
and we see that Knop’s theorem gives 4 > 4—0 > 2, with an equality for the upper bound.
One also can construct a multi-graded Hilbert series. Let ¢, ryryry, be the number of
invariants of order 71 in my, order ry in mj, order r3 in my, and order r4 in m3. Then

1
h(q1,q2,43,q4) = ) ¢ 01" 5’95’ 4yt = ; 4.16
( ) Z T172T3744]1 42 413 44 (1 . C]1C]2)(1 . C]3C]4) ( )

and the usual Hilbert series is H(q) = h(q,q,q,q). The multi-graded series gives more
information about the structure of the invariants. However, it is important to remember
that the results quoted above for H(q), egs. (4.10)—(4.15), do not hold in general for the
multi-graded case.

The Hilbert series provides far more information than the number of invariants of
each degree, given by the series expansion eq. (4.6). It encodes the structure of the in-
variant ring and the form of the relations between invariants, as will be seen from the
examples considered below. Furthermore, the properties of the Hilbert series, such as
eqs. (4.13), (4.14), (4.15) provide a strong constraint on the number of invariants. Com-
puting invariants to high orders is, in general, a difficult task (i.e. the problem is not of
polynomial complexity). One can determine the Hilbert series, and hence the invariants to
arbitrarily high order, by computing some of the expansion coefficients c¢,, and using the
constraints on the Hilbert series to determine H(q). There is no systematic procedure for
doing this. One computes the number of invariants ¢, of degree r for some values of r,
which provide clues to the form of the numerator and denominator of the Hilbert series.
Eventually, only a unique possible answer remains.
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4.3 Model II

Consider a theory with couplings m; and me with charges one and two, respectively, under
a G = U(1) symmetry,

¢

my — emy, my — > ®Pmy . (4.17)

The ring of invariant polynomials C[ml,m“{,mg,mg]U(l) is generated by the four basic
invariants Iy = mimj, Is = mamj, I3 = mgm’l‘2 and Iy = mEm%. These generators,
however, are not all independent, since I31; = I 15, so that C[my, m}, ma, mS]U(l) is not a
free ring generated by I; through Iy.

It is straightforward to show that the multi-graded Hilbert series is

1 — i3 q3q4
(1 —qra2)(1 — g3qu)(1 — q3¢3)(1 — qaqi)’

h(q1,q2,43,q4) = (4.18)
where ¢1, g2, g3 and g4 count powers of m1, mj, mg and m3, respectively.

The denominator of the multi-graded Hilbert series is generated by the invariants Iy
through I, whereas the numerator compensates for the fact that I3ly = 112[2 counts as
only one invariant at order ¢?q3g3qs. The numerator of the multi-graded Hilbert series
does not have the special properties of the numerator of the Hilbert series H(q) discussed
in the previous example.

In this example, dim V' = 4, dim G = 1, and there are three parameters since the phase
transformation eq. (4.17) eliminates one of the original four real variables in m and mo.
The Hilbert series H(q) = h(q,q,q,q) is

1—|—q3
(1—¢?)2(1—¢3)’

which has a palindromic numerator with dy = 3, and a denominator with dp = 7, and

H(q) =

(4.19)

p = 3 is equal to the number of denominator factors and to the number of parameters.
Knop’s theorem gives 4 > 7 — 3 > 3, with an equality for the upper bound.

Expanding eq. (4.19) in a series in ¢ gives the number of invariants of each degree. We
see that there are two generators of degree two, I and Is, and one generator of degree
three, which can be chosen to be I3+ Iy, corresponding to the denominator factors (1—¢?)?
and (1 — ¢3), respectively. Expanding out the denominator would give a coefficient of ¢* of
+1. There are two invariants of degree three, I3 + I;. The missing degree-three invariant
I3 — I, is counted by the +¢3 term in the numerator, so that the coefficient of ¢* in the
expansion of H(q) is 2. When the denominator factors are expanded in a series, they can
occur to any power, so one can have arbitrary powers of I, I and I3+ I,. However, the ¢°
factor in the numerator occurs only once. This means that powers of I3 — I; higher than
the first can all be eliminated in terms of polynomials P(Iy, I, I3+ I;) which have already
been included. This statement follows from the identity

(I3 — 1,)* = (I3 + 1y)? — AL, = (I3 4 1,)* — AL L. (4.20)

There exists a similar identity for the Jarlskog invariant which will be derived in section 5.
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The generator I3+ I4 of the denominator is not homogeneous in the multi-grading; I3
is of degree g3q2 and I, is of degree q4q?, which is why eq. (4.18) can not be written in a
form similar to eq. (4.19) with positive coefficients in the numerator and one less generator
in the denominator.

4.4 Model III

Consider yet another model with three couplings my, ms and mg3 with charges 1, 2 and 3,
respectively, under a U(1) symmetry,

mi — €®my, mo — €*®ms, m3 — €¥¥my . (4.21)

The structure of the invariants is considerably more complicated than in the previous
examples, even though the theory is only slightly more complicated. All the invariant
polynomials are generated by thirteen invariant generators

L = mim],

Iy, = mams,

I3 = mgms,

Iy = m3ms,

Is = m3*my,

I = mim3,

I = mi®ms,

Is = mim3?,

Iy = m5*m3,

Iip = mymams,

Iy = mimims,

Ly = mymgm3?,

Lz = mimims. (4.22)
There are 35 relations between products of invariants I;1; given by: I4I5 = Iy, IiI; =
I, Ly = LI}, Iidy = I}y, Iilo = LI, Isdi1 = Iihe, Iihis = IiL T, Islg = I3,
Isly = Iiy, Isly = DI}y, Isho = Lz, Isly = Iy, Ishy = LIy, Igl; = I3,
Iels = Iy, Iely = I3lylio, Ighy = I3y, Isho = I3l Ishs = 1115, Irly = I3l513,
Irly = I3y, Ithy = LIsls, I:Ly = LIy, Irhs = 313, Igly = I3I3, Isly = IpIslhs,
Il = I31350, Iglo = Ilslia, Iglis = 131311y, Tyoly = 1113, Tiglio = Iolsly, Thols =
I 1g, I111o = Is1315, 111113 = 21315 and [15113 = [1[22[3. The new feature here is that
these relations are not independent — there are relations among the relations (known as
syzygies in the mathematics literature), e.g. multiplying both sides of I,I; = I?I;; and
I5Ig = 1?14 gives

LIsIgl; = It , (4.23)
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which is also obtained by multiplying the relations I4I5 = I?I5 and Igl; = I} I3, and using
I1gl11 = I11515. The Hilbert series is

142 +3¢ +4¢" +4¢° +4¢° + 3¢" + ¢ + ¢*°
(1—=¢2)?(1 =g —gH(1 - ¢%)

Here dimV = 6, dim G = 1, and the number of parameters is 5. From the Hilbert series,

H(q) (4.24)

dy =10, dp = 16, and p = 5. Knop’s theorem gives 6 > 16 — 10 > 5, with an equality for
the upper bound.

There are thirteen invariants in eq. (4.22). However, there are only five denominator
factors in eq. (4.24), so only five basic invariants, two of degree two, and one each of degrees
three, four and five, generate a free ring. The other invariants must satisfy non-trivial
relations (those given below eq. (4.22)), and this is reflected by the complicated numerator
in eq. (4.24), which implies that the invariant ring has a non-trivial structure, with many
relations. The different terms in the numerator show that there are many invariants which
can be eliminated when raised to higher powers, or multiplied by lower order invariants,
by relations analogous to eq. (4.20). There is one invariant of degree two (the +¢2 term),
three in degree three (the +3¢> term), etc. This model shows that even a relatively simple
theory can lead to a set of invariants with a complicated syzygy structure. The number of
invariants and relations of each degree is encoded in the Hilbert series.

5 Quark invariants

We can now address the first problem of interest — flavor invariants in the quark sector.

We are interested in polynomials in my, myt, mp and mp' where

my — uUcT myr UQ,

mp — UDcT mp Ug, (5.1)

6

under the chiral flavor transformations.® To cancel Uy and Upe, one must consider

the combinations

Xy = mUerU7

XD = mDTmD, (52)
which both transform as adjoints
Xu,p — Ul Xu.p Ug. (5.3)

Thus, the invariants are traces of products of Xyy and Xp. The structure of the invariants
depends non-trivially on the number of generations, so we consider the cases n, = 2 and
ng = 3 separately.

5One could equally well work with the Yukawa matrices, which differ by factor v/+/2.
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5.1 ny =2

First, consider invariants involving only Xy. The basic invariants are

(Xv), (Xv?), (Xu®), ... (5.4)

where () denotes a matrix trace. This series of traces terminates after n, terms for an
ng X ng matrix, by the Cayley-Hamilton theorem which states that every matrix satisfies its
characteristic equation. For an arbitrary 2x 2 matrix A, the Cayley-Hamilton theorem gives

A2 = (M) A+ [<A2> - <A>2] 1. (5.5)

Taking the trace of both sides gives the trivial result <A2> = <A2>. Multiplying by A and
taking the trace implies

(4% = 3(4) (A7) — (47, 5:6)
so that (A"), n > 3 can be written in terms of (A) and (A2?). Thus, there are two
independent invariants, I = (Xy) and Iyo = (Xy?), which can be constructed from
Xy alone. Both of these invariants are CP even. The two invariants contain the same
information as the eigenvalues of Xy, i.e. the two U-type quark masses. For invariants
constructed only from mg, the number of parameters is p = 2, the two eigenvalues of Xy.
The vector space has dimV = 8, because my and my ' are both 2 x 2 matrices, and Iy
and I, are of degree two and four, respectively, in m, so the Hilbert series is

1
(1-¢*)(1—q")

Here dy = 0, dp = 6 are the degrees of the numerator and denominator, respectively, and

H(q) =

(5.7)

the number of denominator factors is p = 2, which is equal to the number of parameters.
Knop’s theorem gives 8 > 6 — 0 > 2, which holds, but this time the upper bound is not
an equality.

Similarly, there are two independent C P-even invariants Ips = (Xp) and Ip4 = (Xp?)
which involve only Xp. These two invariants contain the same information as the eigen-
values of Xp, namely the two D-type quark masses.

Invariants containing both Xy and Xp can be written as traces of the form

(X" XpS Xy Xp™ .., (5.8)

for integers 7; and s;. The Cayley-Hamilton theorem for a 2 x 2 matrix, eq. (5.5), implies
that all powers r; and s; greater than one in eq. (5.8) can be reduced, so we are left with
traces of the form

(XuXp...XuXp) = ((XuXp)"). (5.9)

Again, invariants with » > 1 can be rewritten in terms of lower order invariants, so there
is only one independent invariant, I 3 = (XyXp), which is CP even.
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In summary, the basic quark invariants for n, = 2 quark generations, which generate
all the invariants, are:

2
Ipa = (Xp®) = <<mDTmD) ) (5.10)
Writing the invariants in terms of the usual quark masses and the Cabibbo angle gives

2

co

2

S

1270 = mi +m
2

IO,Q = md+m
4 4

1470 =m, +m,,
2

Iro = mumg + mszl + (mg - mfl)(mg — mi) cos? 0,

Ioq = mi+m?. (5.11)

Knowing the five invariants allows one to determine the four masses and 6, because m; > 0,
and @ lies in the first quadrant.
Using u and d to count powers of my and mp gives the multi-graded Hilbert series

1

Mud) = T a —ah (= @)1 = )1 — )’
(5.12)
The Hilbert series H(q) = h(q,q) is
H(q) = . (5.13)

(1—¢*)*(1—q*)*
In this example, p = 5 (four masses and one mixing angle, see table 1), dim V' = 16, since
there are four 2 x 2 matrices, dy = 0, and dp = 16. The number of denominator factors
is the number of parameters, and Knop’s theorem gives 16 > 16 — 0 > 5, with the upper
bound an equality.

The denominator factors in eq. (5.13) show that there are two generators of degree
two, and three of degree four, which agrees with eq. (5.10).

If one started with Xy and Xp as the basic objects, then dim V' = 8. In this case,
the Hilbert series is given by replacing ¢?> — ¢ in eq. (5.13), since we now count powers

of Xy, Xp rather than my,mp, so dy = 0, dp = 8 and Knop’s inequality becomes
8>8—-02>5.

5.2 ng=3

For an arbitrary 3 x 3 matrix A, the Cayley-Hamilton theorem states that

A3 = A% (A) - %A [<A>2 - <A2>} + % [<A>3 — 3(A%) (A) +2 <A3>} 1. (5.14)
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Taking the trace of both sides gives the trivial result <A3> <A3> Multiplying by A and
taking the trace gives

(at) =

so that (A™), n > 4 can be rewritten in terms of (A), (A2), and (A3).
Thus, the invariants involving Xy alone are Ing = (Xy), Iy = (Xy?) and Isp =

(AY — (A)? (A%) + % (A3) (A) + % (A%)?, (5.15)

| =

(Xy?), and invariants involving X p alone are Ina = (Xp), In4 = (Xp?) and Ipg = (Xp?),
all of which are C'P even.

Invariants containing both Xy and Xp are of the form eq. (5.8), but now with r; = 1,2
and s; = 1,2, so that one has traces of products of XU,XIQJ,XD,X]%. This restriction
still leads to an infinite number of invariants. However, many of these invariants are not
independent. For arbitrary 3 x 3 matrices A, B and C, one has the identity

0 = (4)*(B) (C) — (BC) (A)* — 2(AB) (4) (C)
—2(AC) (A) (B) + 2(ABC) (A) + 2 (ACB) (A)
—(A%)(B) (C) + <AB> (AC) +(4%) (BC)
+2(C) (A’B) + 2(B) (A*C) — 2(A*’BC)
—2(A*CB) -2 <ABAC> (5.16)

which can be derived by substituting A — A + B + C into eq. (5.15), and picking out the
order A2BC terms. This identity eliminates (ABAC), i.e. traces where the same matrix is
repeated, so that in invariants eq. (5.8), Xy, X2, Xp and Xp? can each occur at most
once. For example, (Xy... Xy ...) can be replaced by <X[2] .. .>, and <X[2] e XIQJ .. > can
be replaced by (X7, ...), which can then be eliminated using eq. (5.14).

Writing out all of the possibilities gives the basic quark invariants for n, = 3 quark
generations. There are 11 C'P-even invariants, ten of which are

Lo = (Xv),
Io2 = (Xp),
Lo = (Xv?),
Lo = (XuXp),
Ioa = (Xp?),
Iso = (Xu®),
Ly = (Xu"Xp),
La = (XuXp?),
los = (Xp%),
Lia = (Xv*Xp?), (5.17)
and one C'P-odd invariant
Ié 6) = (Xu*’Xp*XuXp) — (Xp* X XpXy) . (5.18)
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The eleventh C' P-even invariant is
Iéj(_i) = <XU2XD2XUXD> + <XD2XU2XDXU> . (5.19)

All the invariants in the quark sector can be written as polynomials in these basic invariants.
The multi-graded and one-variable Hilbert series are

14 ubdb
(=) (1—uh) (1 —u®) (1= ) (1 —d) (1 —d) (1 — 2 ) (1 — A ) (1 — w2 dh) (1 — urdd)’

1 12
H(q) = h(q,q) = 1- q2)2(1 —_ q4—;3((11 —_ q6)4(1 _ qS)’

respectively. This case has p = 10 parameters, consisting of 6 masses, three angles and one

h(u,d)=

(5.20)

phase, which agrees with the number of denominator factors. The original variable space
has dim V' = 36, from the two 3 x 3 mass matrices and their complex conjugates. The
degrees of the numerator and denominator are dy = 12 and dp = 48, respectively, and
Knop’s inequality is 36 > 48 — 12 > 10, which is satisfied, with the upper bound being an
equality. If one started with Xy and Xp as the basic objects, then dim V' = 18, and the
Hilbert series is given by replacing ¢> — ¢ in eq. (5.20), so dy = 6, dp = 24, and Knop’s
inequality becomes 18 > 24 — 6 > 10.

The denominator of eq. (5.20) shows that there are two invariants of degree two, three
of degree four, four of degree six, and one of degree eight, which can occur multiplied in
arbitrary combinations, with no relations among them. Omne can see that their degrees
match the denominator factors in eq. (5.20). What about the remaining two invariants?
The numerator factor of eq. (5.20) shows that there is one additional invariant of degree
twelve other than those given by products of denominator factors. This is the C'P-odd
invariant eq. (5.18). The Hilbert series implies that the other degree-twelve invariant,
eq. (5.19), cannot be an independent invariant. Indeed, it can be written as a polynomial
in the other C'P-even invariants,

31&5) = 130150 — 0140152 — 3L2215 015 o + 31212015 5 — Toal5 ooz + 312,415 o Io 2
—3I44120l02 + Toalsoloa + 3laalso + 3l olsa + Ioel20ls0 — loslso, (5.21)

and so can be eliminated.
The Hilbert series numerator only has an entry ¢'2, but there is no ¢** term. This

) )

is an independent invariant, but the square and all higher powers of Iéjﬁ

)

a polynomial (with 241 terms out of a possible 305 terms) in the C'P-even invariants of

(7
means that I, 6.6

are not. The square of the C'P-odd invariant I(()‘;s is C'P-even, and can be written as

eq. (5.17). The most general polynomial invariant in the quark sector can be written as
P+ 15 P (5.22)

where P; and P, are polynomials in the C'P-even invariants eq. (5.17).
This example illustrates how the structure of the invariants is encoded in the Hilbert
series. For many purposes, the details of the relations, such as eq. (5.21), or the formula
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for (Ié;5 )2 are not important; all one needs to know is that I, é,’6) occurs linearly, and Ié;
can be eliminated.

The quark sector parameters are determined by the ten C'P-even parameters s,
I40, Is0, 102, Ioa, lo6, 12,2, 12.4, 142, 144, and the single C' P-odd parameter Ié,%). From
the C'P-even invariants, one can determine the U-type quark masses m,; and D-type
quark masses mg s, which are real and non-negative, and four combinations of the CKM
parameters, cosfy2, cos 63, cos a3 and cosd, all of which are C'P even. Since the CKM
angles 612, 013, 093 lie in the first quadrant, these angles are determined uniquely by
their cosines. However, cosd does not determine the phase § uniquely, because it cannot
distinguish between § and —9. Under CP, § «— —¢§. Thus, one %2 piece of information,

the sign of §, is missing. This sign is provided by the invariant Ié;; . The only information

needed is the sign of Ié_ﬁ), which is why <Ié£)>2 can be written in terms of the other C P-
even invariants. This discussion corresponds to the well-known result that the unitarity
triangle can be obtained by measuring the lengths of its sides, which are C'P-conserving,
rather than the angles, which are C' P-violating. Knowing the sides determines the triangle
up to a two-fold reflection ambiguity, which is fixed by the sign of Ié;i), or, equivalently,
the sign of the Jarlskog invariant, so that the only additional information contained in the
Jarlskog invariant is the sign. The relations between the invariants are similar to those
obtained by studying rephasing invariants [5].

The invariant Ié%) also can be written as

_ 1
I((i,ﬁ) = g <[XU7XD]3> ) (523)

and is proportional to the Jarlskog invariant J [2],
I = 20 (mZ —m})(mf —m2)(m} —m?)(m —m3)(mi —m?)(m} —m3), (5.24)
where

J =Tm (Voxm)p; (Vorkm)Ta (Vorkm) g (Vorkm)g, - (5.25)

Iiy

that quark CP violation vanishes for degenerate U-type or D-type quarks. Ié7_6) is odd

vanishes if two U-type quarks or two D-type quarks are degenerate. It is well-known

under the exchange of two U-type or two D-type masses, e.g under m, < m., whereas
the invariants in eq. (5.17) are even under exchange, so I 4’ cannot be written in terms of

the other invariants. (Ié;;))z is even under exchange, and can be written in terms of the
other invariants.

It is, of course, well-known that C'P conservation in the quark sector requires J = 0, or
equivalently, I(()a;;) = 0. What is new is the structure of the ring of all invariant polynomials,
and the relation between the C'P-conserving and C P-violating invariants.

The invariants which must vanish in the quark sector for C' P conservation was deter-
mined for an arbitrary number of generations in ref. [25].
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6 Lepton invariants for two generations

The structure of the lepton invariants, like the quark invariants, depends on the number of
generations, so we first consider the case of n, = 2 generations in this section. The case of
ngy = 3 generations is considered in section 7. We will outline the derivation of the results,

but not give all the details.

6.1 The standard model effective theory

We now study the lepton invariants in the Standard Model low-energy effective theory with
a neutrino Majorana mass term. The structure of the lepton invariants is considerably more
complicated than the quark invariants. The lepton sector of the low-energy theory contains
the flavor symmetry breaking matrices Y and Cj, so we are interested in polynomials in
mp, mg', ms and ms* = ms!, since ms is a symmetric matrix. These matrices transform as

mp — Uge" mp Uy,
me’ — Ugt met UL*,
ms — U ms Uy,
ms* — ULT ms* UL, (6.1)

under chiral flavor transformations. To cancel Ugc, one must consider the combinations

Xg = mETmE,

X5 =Xp! = meTmg, (6.2)
which transform as

Xg — Ul Xp Uy,

Xl — T xpT U . (6.3)
It also is convenient to define
X5 = ms*ms, (6.4)
which transforms as
X5 — U X5 Uy, (6.5)

as well as <m5* (xg™7 m5), which transforms as
* n\T t * n\T
<m5 (X5™) m5) U (m5 (X5 m5) Ur. (6.6)
The invariants involving only Xg are Ipg = (Xg) and Iyp = (Xg?), whereas the

invariants involving only ms and ms* are Ip2 = (X5) and lo4 = (X52).

*

The invariants involving Xg, ms and ms* are of the form

(ms* (Xp™)" ms Xg® ...ms* (Xg™)" ms Xg*) (6.7)
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for integers r; and s;. The Cayley-Hamilton theorem implies that all powers r; and s;
greater than one in eq. (6.7) can be rewritten in terms of lower order invariants. Thus,
one needs to consider traces of matrix products containing the matrices Xg, X5, and
(m5* XgT m5) at most once.

In summary, the generators of the invariants are:

S
I
5
>

X5?%) = ((ms*ms)?) ,
Iio = (ms™ Xe' ms Xg) = (m5" mpelmg* ms mETmE>, (6.8)
ms* Xp' ms Xg ms* ms) — (ms* Xg' ms ms* ms Xg)

T ]

* * T * *
mpg ms m5> — <m5 mg Mg MmMs5 MmMs M5 Mg mE>,

where [ i;) is CP odd, and the rest are C'P even. The square of the C'P-odd invariant,

2
<I§T4)> , is not independent; it can be expressed in terms of polynomials in the other

)

C P-even invariants. In addition, the C' P-even invariant [ iz , obtained by the substitution

— — +in [ i;), is not independent, and thus is not included in the above list.

There are six parameters: four masses, one angle and one phase, see table 5. The four
masses, one mixing angle, and one phase, can be determined from Io ¢, 14,0, Io2, loa, 122
and Iz 4 up to a sign ambiguity in the phase, just as for the case of three generations of
quarks already discussed. The sign of the phase is fixed by the sign of I, i;).

The multi-graded Hilbert series is

1 +y4z4
1=y =yH (1 = 22)(1 =24 (1 —y?2%)(1 —y*2?)

where y counts powers of mg and z counts powers of ms. The single variable Hilbert

h(y,z) = (6.9)
series is

14 ¢8
(1—¢%)2(1—q*)3(1 = ¢5)°

H(q) = h(g,q) = (6.10)

The ¢® term in the numerator shows that there is one degree-eight invariant I i;) which
occurs, but that the square of this invariant is not independent and can be eliminated.

The number of denominator factors p = 6 is equal to the number of parameters, and
dy = 8, dp = 22. The number of variables is dim V' = 14, since we have one 2 X 2 mass
matrix, one 2 X 2 symmetric mass matrix, and their complex conjugates. Knop’s inequality
14 > 22 — 8 > 6 is satisfied, with an equality for the upper bound. The six parameters
correspond to 2 charged lepton masses, 2 Majorana neutrino masses, one mixing angle and
one phase.
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The denominator of eq. (6.10) shows that there are two generators of degree two,
three of degree four, and one of degree six, which agrees with the C' P-even invariants in
eq. (6.9). The numerator shows that there is an invariant of degree eight, whose square
can be eliminated, which is I AE;). The structure of the invariants for n, = 2 is similar to
that for quarks for n, = 3.

Weak-basis invariants for two generations in the low-energy effective theory were stud-
ied previously by Branco, Lavoura and Rebelo [26]. They defined an invariant ), related
to Iy, by

2iImTrQ = Iy, (6.11)

and showed that Q = 0 is a necessary and sufficient condition for C'P conservation. This

(=)

is consistent with our results, since the only C'P-odd generating invariant is I, ,".

6.2 The seesaw model

In this section, we analyze the lepton invariants in the seesaw theory for n, = n; =2

generations of fermions. There are three matrices in the lepton sector, m,, mg and M,
and their complex conjugates m, !, mgt and MT = M*.7 From eq. (2.3), we see that only
mp transforms under Uge, so it must always occur in the combination

XE = mETmE, (6.12)
which transforms as
Xp — U} Xp Uy, (6.13)

under the chiral flavor symmetry transformations. The mass matrices m,,, m:r,, M and M*
transform as
my — Z/{NCT m, U,
mi, — Ut ml Une*,
M — uNcT M UNC,
M* — Une" M* Uye* . (6.14)
It is useful to define
X, = m:r,m,,,
Z, = m,,m:r,,
z," =z,  =mim,7T, (6.15)
which transform as
X, — U X, Uy,
Z, — UneT Z, Une*,
Z,7 = Unet Z,7 Une, (6.16)

"It is worth emphasizing that in our notation m, refers to the Dirac mass matrix m, = vi/\/i, not
the Majorana mass matrix ms of the effective theory.
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Figure 1. Graphical representation of the chiral transformation properties of the lepton mass
matrices Xg, m,, mf, M and M*. A solid line represents Uyc, and a dashed line Uy. The
invariants are obtained by forming graphs with no external lines.

as well as
Xy = M*M,
Zn = MM*,
Zx = my, Xpm,' (6.17)

which transform as
XN — UJTVC XN Une,
Zn — Une" Zy Une®,
Zx — UneT Zx Une*. (6.18)

Note that ZnT = Zy* = X

The invariants involve three mass matrices, mg, m, and M. One first can consider the
simpler problem of studying invariants which only depend on two out of the three matrices.
The first case, invariants involving only mpg and m,, consists of invariants formed from
traces of Xg and X, only, with no insertions of M or M*. These invariants are the same
as the invariants in the quark sector with the substitutions Xy — X, and Xp — Xg. The
second case, invariants involving only m, and M, are invariants which do not contain Xg.
These have the same structure as invariants constructed in the low-energy theory, with the
replacements ms — M, mp — m?, ie. Xp — ZI.

The most general invariant involving all three matrices has the structure

(M*A MAY ... M* Ay, \MATL ), (6.19)

where A; = 1 or A; = m,P(Xg, X, )m, ', where P is a polynomial in Xg and X,. This
result can be obtained by representing the chiral transformations of the matrices graph-
ically, as shown in figure 1. Products of matrices such as eq. (6.19) also occurred when
studying rephasing invariants [5]. For rephasing invariants, one can factor long products
into smaller ones, each involving at most four mixing matrices, using reconnection identi-
ties. This factorization is no longer possible for the case of mass-matrix invariants, which
leads to an interesting and highly non-trivial structure for the invariants.

The basic invariants can be constructed using eq. (6.19) and eliminating higher powers
of matrices by the Cayley-Hamilton identity eq. (5.5). The generators are:

Lo = (Xp) = (mp'mp) (6.20)

10,2,0 = <Xl/> = <m1/erl/>a
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Ioo2 = (Xn) = (M*M), (6.21)
Iioo = (Xg%) = <mETmEmETmE>
oo = (X, XE) = (m, mympimg),
Ios0 = (X% = (m,'mym,'m,)
looo = (Z,ZN) = (m,m, MM*)
Iooa = (XN?) = (M*MM*M),
Loos = (ZxZn) = (m,mp'mpgm, MM*)
Ioao = (M*Z,M2,") = (M*m,m, Mm,*m,”),
Inso = (M*Z M 75T ) = (M*mymyTMmV*mETmE*myT>,
5y = (M*Z,Zx M) — (M*Zx Z,M)

= (M*m,m, m,,mETmEmVTM> (M*mymETmEmmiymyTM>,
Iy = (Zn2Z,M2," M) — (M*Z,ZyM Z,7)

<MM*m,,m,, Mm,* m,,TM*> (M*m,,m,,TMM*Mm,,*m,,T>,
Ipgo = (M*ZxMZx")

<M*mymETmEm,,TMm,, mplmg* m,,T>,
Iy = (ZnZxMZ,"M*) — (M*Zx ZyM Z,7)

<MM*m,,mETmEm,,TMm,, ,,TM*> - (M*m,,mETmEm,,TMMTMm,,*m,,T> ,
I gy = (M*Z,Z2xMZ,%) — (M*Zx Z,M Z,")

= <M*m,,m,,Tml,mETmEml,TMml,*myT> - (M*m,,mETmEmmi,,myTMm,,*myT>,

Iy = (M ZyZxMZE) — (M*Z% ZyM Zx) |
I{ gy = (M*2,ZxMZ%) — (M*Zx Z,M Z%). (6.22)

There are several invariants which can be immediately eliminated because they are poly-
nomials in lower order invariants and which have not been listed above. These invariants

include .75722, 182)4, 12(2)4, .75722, 1 524 and [ 222, which are related in an obvious way to the

invariants in eq. (6.22) with superscripts (—). The degree-eight invariants 1522 and 162)4
are eliminated by the identities

0 = Jo0.2159002,00 = L0,0210.401200 — 2102,0l222 — 200221520 + 212(22,

0= I5021590 — 2l0020042 — L0015 20 — 21599 + 2182)4, (6.23)
and the degree-ten invariants 1'2(24 and Iz(j(r;?z are eliminated by the identities

0= 1'370,210,2,012,2,0 —2Ip0,202.42 — Lo,0,410,2,012,20 — 210221222 + 21—2(24,
0= 137270—70,2,212,0,0 —2Ip 2,012,422 — 10,2,210,4,012,00 — 210421220 + 215;?2- (6.24)
)

The degree-twelve invariants I 524 and [ ZE,JEQ are also polynomials in lower order invariants,
but we do not include the explicit identities here.

In eq. (6.22), there are three C'P-even invariants of degree two, five of degree four,
two of degree six, one of degree eight, and one of degree ten, for a grand total of 12 basic
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C P-even invariants. In addition, there are two C'P-odd invariants of degree eight, two of
degree ten and two of degree twelve, for a total of 6 basic C'P-odd invariants. All of the
invariants can be written as polynomials in these 18 basic invariants.

The multi-graded Hilbert series is

hz,y,z) = (6.25)

D’

N =1 —|—2m2y4z2 —|—y4z4 —|—m2y4z4 1 a2y522 —|—x4y4z4 —|—m4y6z
0208 — gyt — Byt 9pty86 _ 16,128

D= (1-2%) (1-2") (1-y") (1-y") (1-2) (1=2") (1 - 2%?) (1 - y*5%)
X (1 — x2y222) (1 — y422) (1 — x4y422) ,

2 2,84

— 22820 — 2282

where z, y, z count powers of mg, m, and M, respectively. The Hilbert series H(q) =
h(q,q,q) is

1 = (1—¢2)3(1 —¢*)5(1 —¢% (1 —q'0) ~’

(6.26)

which has a palindromic numerator. The number of denominator factors p = 10 is equal to
the number of parameters, and dy = 20 and dp = 42. The number of variables is dim V' =
22, because we have two 2 X 2 matrices with 4 independent entries, one 2 X 2 symmetric
matrix with 3 independent entries, and their complex conjugates. Knop’s inequality is
22 > 42 — 20 > 10, and the upper bound is an equality. The 10 parameters in the lepton

o
v =
masses, 4 Majorana neutrino masses of the two light and the two heavy neutrinos, 2 angles

sector of the seesaw model for ny, = n 2 generations correspond to 2 charged lepton

and 2 phases.

One can see from the Hilbert series that the structure of invariants is far more com-
plicated than in the quark case. The denominator factors (1 — ¢2)3(1 — ¢*)° of eq. (6.26)
corresponds to the generators Is 0.0, 1020, 10,0,2, 14,0,0, 12.2.0, L0,4,0, 10,22, L0,0,4. At degree
six, in addition to products of lower order invariants, there are two new invariants, I 2 2
and Ip42. These two invariants correspond to the (1 — ¢%) factor in the denominator,
and the +¢°® term in the numerator. Since there is only one power of (1 — ¢%) factor in
the denominator, we know that there will be non-trivial relations involving the degree-six
invariants. At degree eight, there are 3 new invariants from the +3¢® term in the numer-
ator in addition to products of lower degree invariants which make up the denominator.
These are the three degree-eight invariants in eq. (6.22). There are three new invariants of
degree twelve (from the 43¢'2), but only two degree-twelve invariants in eq. (6.22). The
third degree-twelve invariant is the square of the degree-six invariant corresponding to the
+¢°% term in the numerator, so the square of this C'P-even invariant cannot be removed.
We have noted earlier that there must be non-trivial relations involving the degree-six
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invariants. These relations first occur at degree 14,

0= 10,0721072,015,832 + 13,2,010(,71?41270,0 - 13,2,015,2?4

—1072,010,2721522 - 1072,010(,2?412,270 - 21072,215,_6?2

—1074,010(241270,0 + 210,47015,2?4 + 210,4,2157_4?2
0= 13,0,2[072,01522 - 13,0,215,_6?2 + 10,0721—072,01524
—1070,210,2721522 - 1070,212,27010(,2?4 - 10,0741072,015,2?2

—|—2107074I§7E?2 — 2[072721(;1?4 + 2[2727216;1?4, (627)

and are non-linear relations involving the two degree-six invariants. One can proceed
to higher degrees — there are six relations of degree 16, etc., and verify the number of
independent invariants at each degree agrees with eq. (6.26). The details of the relations
are not important. The main purpose of giving eq. (6.27) is to show that there can be
non-linear relations among the generating invariants. To completely unravel all of the non-
linear relations requires going beyond degree 20, the highest power of ¢ in the numerator
of eq. (6.26).

7 Lepton invariants for three generations

In this section, we consider the lepton invariants in the low-energy and high-energy theories
for three generations of fermions. The number of invariants is far greater than for two
generations, and there are many relations between them. For the low-energy theory, we
give the Hilbert series, and the invariants which correspond to the denominator factors.
For three generations, even the Hilbert series proved too difficult to compute. For this
case, we make some general remarks, and discuss some invariants considered previously by
Branco et al. [26, 27], and by Davidson and Kitano [15].

7.1 The standard model effective theory

The invariants involving only Xp are Ing = (Xg), I10 = (Xg?) and I = (Xg>), whereas
the invariants involving only ms and ms* are Ipo = (X5), Ipa = (X5?) and Ing = (X53).
The invariants involving X g, ms and ms* are of the form

(ms* (Xg™)T ms Xp* ... ms* (Xg™)" ms Xp*) (7.1)

for integers r; and s;. The Cayley-Hamilton theorem implies that all powers r; and
s; greater than two in eq. (7.1) can be rewritten in terms of lower order invariants.
Thus, one needs to consider traces of matrix products containing the matrices Xg, Xs,
(m5* XgT m5), and <m5* (XEZ)T m5> at most twice. Identity eq. (5.16) cannot be used
to eliminate traces with multiple powers of mj, because (msAmsB) gets converted to traces
of the form <m§AB > which are no longer invariant. There are many basic invariants, which

involve a single trace, up to degree m%omg, and we do not list them all here. The ones up
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to degree twelve, which are sufficient for the denominator of the Hilbert series (and hence
to determine the parameters) are:

Lo = (Xg) = (mp'mg),

Io2 = (X5) = (ms"ms)

Lo = (Xg?) = <<mETmE)2>7

Ly = (XpXs) = (mg'mems*ms),
Ioa = (X5%) = {(ms*ms)") ,

Ieo = (Xp°) = <<mETmE)3>7

= (X5%) = ((ms*ms)’)
2 « T t 2
ms Xg“) = (ms* mg” mg® ms <mE mE) ),

= m5* mETmE* ms m5* ms mETmE> + (m5* ms m5* mETmE* ms mETmE>,
2
* Ty\2 2 T ) 2
Is2 = (ms* (Xg')? ms Xg°) = (ms* (mp' mg*)” ms <mETmE> )
(+) * T 2 * * T 2
Isy = (ms" Xp' ms ms™ ms Xg©) & (ms™ ms ms™ Xg~ ms Xp~ )

(

(

(

(

(

44 = (ms* XgT ms ms* ms Xg) £+ (ms* ms ms* X' ms Xg)

(

(

(

(ms* mpTmg* ms ms* ms <mETmE>2>i(m5* ms ms* melmg* ms <mETmE>2>a
(ms* (XgT)? ms ms* ms Xg2 ) £ (ms* ms ms™ (Xg?)*ms Xg2)
(ms* (mg"mg*)” ms ms* ms (mETmE>2>

2

2
i(m5* ms TTL5>k (mETmE*) ms <mETmE) > (7.2)

The multi-graded Hilbert series is

h(y, z) = %,

N = 24,18 _ 920,14 _ 9,20 12 20,10 _ 9,18 14 _ 3,18 12 18,10 _ 3,16 14
_3y16,12 316,10 _ 16,8 16,6 1414 1412 14,10 9 14,8
_yl4,6 12,14 4 12,4 10,12 4 910,10 4 10,8 4 10,6 4 10,4 4 8 12
8210 4 3828 + 39820 4 3982 9028 + 3020 4 2y02% 4 ¢128 4 2420
+2yt2t 41,

D= (1-y) (1-y") (1-9°) (1-2%) (1-2) (1-2°) (1 -92%) (1 - ¢*2)
x (1— y224) (1- szz) (1- y4z4) (1- y822) , (7.3)
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where y counts powers of mpg and z counts powers of ms. The single-variable series H(q) =

h(q,q) is

H(q)= (7.4)
(1=¢?)? (1 —q")’ (1= ¢%" (1 -¢%)* (1 - q) '

The number of denominator factors p = 12 is equal to the number of parameters, and

dy = 36 and dp = 66. The number of variables is dim V' = 30, because we have one 3 x 3
matrix with 9 independent entries, one 3 x 3 symmetric matrix with 6 independent entries,
and their complex conjugates. Knop’s inequality is 30 > 66 — 36 > 12, and the upper
bound is an equality. Note that the numerator is palindromic. The 12 parameters consist
of 3 charged lepton masses, 3 Majorana light neutrino masses, 3 angles and 3 phases.

The Hilbert series eq. (7.4) has a complicated numerator, which shows that the struc-
ture of the invariant ring is highly non-trivial. From the denominator of eq. (7.4), we see
that there are two generators of degree two, three of degree four, four of degree six, two of
degree eight, and one of degree 10, which can be multiplied freely, with no relations. These
account for most of the invariants in eq. (7.2), but there remains one C' P-even invariant each
of degrees 6, 10, 12, and one C'P-odd invariant each of degrees 8, 10, 12. These contribute
q% + ¢® + 2¢'° + 2¢'? to the numerator in eq. (7.4). The coefficient of ¢® in the numerator
of eq. (7.4) is 2. Where does the other degree-eight invariant not in eq. (7.2) come from?
The degree-six invariant that corresponds to the numerator factor ¢° can be multiplied by
either of the two degree invariants, I g or Ip2, to give two additional degree-8 invariants.
One of these can be written as a polynomial in lower order invariants; the other survives.
One can continue this analysis to arbitrarily high order — the entire invariant structure is
encoded in a very compact way in the Hilbert series eq. (7.4). An explicit example of the
construction just discussed is given in section 6.2 for the high-energy theory with n, = 2,
which provides a simpler example of an invariant ring with non-trivial relations.

For three generations, Branco, Lavoura and Rebelo [26] defined four invariants:

2l = 1)
21y = <XEm§m5m’gm5m§Xgm5> —c.c.
213 = <XEm§m5m§m5m§X£m5m§m5> —c.c.

2ily = det [msXgmi +miXEms| — c.c. (7.5)

of degrees (4,4), (4,6), (4,8) and (6,6), and showed that the vanishing of these invariants
implies C'P conservation. The CP-violating invariants of eq. (7.2) correspond to the de-
nominator factors of the Hilbert series. There are additional C'P-violating invariants not
listed which correspond to terms in the numerator.

7.2 The seesaw model

The invariants involve three mass matrices, mg, m, and M. One first can consider the
simpler problem of studying invariants which only depend on two out of the three matrices.
The first case, invariants involving only mpg and m,, consists of invariants formed from
traces of Xg and X, only, with no insertions of M or M*. These invariants are in direct
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analogy to the invariants of the quark sector with the substitutions Xy — X, and Xp —
Xpg. The second case, invariants involving only m, and M, are invariants which do not
contain Xg. These have the same structure as invariants constructed in the low-energy
theory, with the replacements ms — M, mp — m?, ie. Xgp — ZI.

The most general invariant involving all three matrices has the structure
(M*ALMAY . M*Ag, 1 MAL ), (7.6)

where A; = 1 or A; = mVP(XE,XV)mVT, where P is a polynomial in Xg and X,,. The
generating invariants are given by using eq. (7.6). In this case, there are a very large
number of generating invariants. They include all those discussed earlier in the seesaw

theory for two generations, as well as many other.
I
y =
angles and 6 phases. The 9 masses are the 3 charged lepton masses, 3 light Majorana

For ng = n 3 generations, there are 21 parameters which consist of 9 masses, 6
neutrino masses and 3 heavy Majorana neutrino masses. There are 3 angles in the mixing
matrix V and 3 angles in the mixing matrix W. There is one d-type phase in V' and in W,
two Majorana phases ¥/ in W, and 2 phases ® which are not removeable when V and W
are considered together.

We have been unable to construct the multi-graded and one-variable Hilbert series in
this case. However, it is clear that the structure of the invariant relations is extremely
complicated. There are a number of constraints on the form of the one-variable Hilbert
series. The denominator must be a product of p = 21 factors. The numerator must be
palindromic, and dy and dp must satisfy the Knop inequality 48 > dp — dny > 21 since
dimV = 48. The number of variables dim V' = 48 results because there are two 3 x 3
matrices mg and m, with 9 independent entries each, one 3 x 3 symmetric matrix M with
6 independent entries, and the complex conjugates of the three matrices.

Ref. [27] defined six invariants in the seesaw theory,
2%l = <YVYJ M*MM*(Y, Y, )TM> —ce.
21, = <YVYVT M* MM MM*(Y,Y, )TM> —cc.
2l = <Y,,Y,,T M*MM* MM*(Y, Y, )TMM*M> —cec. (7.7)
which involve C P-violating phases which are relevant for leptogenesis, as well as

2l = <Y,,XEYJ M*MM* (Y, XgY] )TM> —cc.

21, = <Y,,XEYVT M*MM* MM*(Y, XY, )TM> —ce.

2l = <Y,,XEYVT M*MM* MM*(Y, XY, )TMM*M> —ce. (7.8)

which involve the other phases.
Ref. [15] defines an invariant

211, = <nTnnT(YVTYj)_1n(YJYV)_1> (7.9)
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for leptogenesis, where k is ms with factors of the Higgs vacuum expectation value removed.
This is not a polynomial in the basic variables of the seesaw model. It can be related to
the invariants considered here using the formulae given below.

Invariants in the seesaw model can be related to those of the low-energy effective
theory. The basic relation is eq. (2.11), which relates the neutrino mass matrices in the
seesaw model to the Majorana mass matrix ms in the low-energy effective theory. Clearly,
the relations between the invariants cannot be polynomial, since inverse powers of M are
involved, but one can write the low-energy invariants in terms of a rational function of the
high-energy invariants. The basic identities are:

det A A7t = (A) —
1
det A = 5< - = <A2> (7.10)
for 2 x 2 matrices, and
-1 2 L2 1 2
detA A=A —A<A>—§<A >+§<A>
1 1 1
det A = 2 (A% — 5 (A% (A) + 5 (A)3 (7.11)
for 3 x 3 matrices, which can be combined with
Cs = YIM™Y, =y (M M) M*Y, (7.12)

to obtain the desired relations using A = M*M, and substituting for C5 (i.e. ms) in the
expressions for the low-energy invariants. The expressions are valid as long as det M*M #
0, i.e. as long as the singlet neutrinos are heavy and the transition to a low-energy effective
theory is valid.

8 Conclusions

We have used the mathematics of invariant theory to classify the independent invariants
of the Standard Model effective theory and its high-energy seesaw model and to study the
non-trivial structure of relations (syzygies) among the invariant generators. The complete
classification of invariants and the Hilbert series have been obtained for the Standard
Model effective theory with a dimension-five Majorana neutrino mass operator. A complete
solution also has been obtained for the renormalizable seesaw model with n, = n’g =2
fermion generations. The lepton sector of the seesaw model involves three different mass
matrices, the charged lepton mass matrix, the Dirac mass matrix of the weakly-interacting
doublet neutrinos and the Majorana mass matrix of the gauge-singlet neutrinos. The

invariant structure is very complicated. In the case of ny = n/, = 3 generations of fermions,

g
we have been unable to find the Hilbert series for the invariant generators, and thus the

structure of the syzygy relations for three generations remains an open problem.
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